Volume change constitutive relations for unsaturated soils are proposed from a semi-empirical standpoint. One equation describes the deformation of the soil structure and a second equation defines the volume of water present in the element. Each equation can be viewed as a threedimensional surface with two independent stress state variables forming the abscissas.
Introduction
Generally an unsaturated soil is considered to be a three-phase system. However, the independent properties and continuous bounding surfaces of the air-water boundary (i.e. contractile skin) require its consideration as a fourth phase (Davies and Rideal 1963 ). An element of unsaturated soil can therefore be considered as a mixture with two phases that come to equilibrium under applied stresses (i.e. soil particles and the contractile skin) and two phases that flow under applied pressures (i.e. the air and water). The air phase is assumed to be continuous.
Several effective stress equations have been proposed for unsaturated soils. However, they have lacked theoretical justification and have not proven satisfactory, as demonstrated by their limited application to engineering analyses. All equations have included a soil property in the description of the stress variable controlling soil behavior. Fredlund (1973a, b) used the principle of superimposition of coincident equilibrium stress fields to isolate the stress state variables associated with the soil particles and the contractile skin. The analysis indicated that any two of three possible normal stress variables can be used to define the stress state. Possible combinations are: i ) ( -u,) (ii) ( a -u,,.) (iii) ( a -u ,~) and and and (us -uw) (u, -uW) ( a -~n ) where cr = total normal stress, u, = air pressure, and u,. = water pressure.
Null experiments (i.e. Acr = Au, = Au,,.) supported the theoretically proposed stress state variables (Fredlund 1 9 7 3~) . The deformation variables required to describe the changes in each phase in an element can be derived from the continuity requirement for a multi-phase continuum (Fredlund 1973a (Fredlund , 1974 . If the soil particles are assumed incompressible and the volume change of the contractile skin assumed internal to the element, the continuity requirement for an element reduces to, The measurement or prediction of any two of the above volume changes allows complete monitoring of the volume-weight change relationships. The amounts of air and water in the element can be represented respectively by one volumetric deformation state variable:
The change in volume of the overall element (i.e. soil structure) can be written as the sum of the normal strain components.
where E = volumetric strain; E ,~, E!,, E-= normal strain components in the x, y, and z directions, respectively.
The independently derived stress and deformation state variables are linked by suitable constitutive relations. In the case of unsaturated soils, these are generally proposed from a semi-empirical standpoint and must bchecked experimentally for uniqueness.
Literature Review
In Biot's (1 941 ) considerations of threedimensional consolidation, the soil structure was assumed to behave as a linear, reversible, isotropic material. The soil was also assumed to be unsaturated in that the pore water contained occluded air bubbles. The deformation was described in terms of the effective stress state variable ((I. -u,,.) and the pore fluid pressure, u,,.. Biot (1941) also proposed a second constitutive relationship to describe the dependence of water content changes on the above stress variables. In total, four distinct physical soil properties were required to link the stress and deformation state variables.
Attempts to link the deformation of an unsaturated soil with Bishop's effective stress equation have met with limited success (Jennings and Burland 1962) . Bishop and Blight (1963) recognized these problems and concluded that the stress path of both components (i.e. (a -u,) and (u, -u ,~) ) must be considered. They suggested plotting volume change data vs. both stress variables to form a three-dimensional plot. Burland (1 965) reiterated his dissatisfaction with Bishop's effective stress equation and proposed a set of constitutive relationships for the soil structure and the water phase. Aitchison (1967) realized the importance of mapping volume changes with respect to the independent stress variables. Aitchison ( 1969) presented typical volume change curves obtained by independently following the (U -u;,) and (u, -u,,.) stress paths. Matyas and Radhakrishna ( 1968) performed tests on identically prepared mixtures of 80% flint powder and 20% kaolin in which they controlled the total, air and water pressures in isotropic and KO compression tests. The constitutive surfaces of void ratio and degree of saturation vs. the (a -u;,) and (u;, -u,,.) stresses were traced out using different stress paths to test their uniqueness. When the (u, -u,,.) stress was decreased or the (au,) stress was increased, the void ratio results traced out a single warped surface with the soil structure always decreasing in volume. Normally, a reduction in suction (u;, -u,,.), causes the soil to swell, but their results show overall volume decrease, indicating a metastable structured soil. Even though the soil structure indi-cates a collapse phenomenon, their results show a unique (i.e. soil structure) constitutive surface. The degree of saturation was always an increasing variable. When other stress paths were considered, the void ratio vs. stress constitutive surface was not completely unique. Matyas and Radhakrishna (1968) state that the "restrictions on the paths arise from the fact that the hysteresis on the soil structure due to loading and unloading, wetting and drying, introduce certain non-unique characteristics." Their degree of saturation surfaces were not unique and they attributed the deviations to "incomplete saturation during the wetting process." Barden et al. (1969) performed tests on low to high plasticity illite clay samples. The total air and water pressures were controlled while investigating the effect of various stress paths during KO loading conditions. In all cases the applied stress ( U -u,) was increased subsequent to the initial conditions. In most cases the suction (u, -u,,) was increased subsequent to the initial conditions, however, in a few cases it was decreased. Their results indicate that the soil structure volume change is dependent upon the direction of saturation. Barden et al. (1969) conclude "that hysteresis between saturation and desaturation processes is the major cause of stress path dependence." They suggest that there is also a strong stress path dependence of the degree of saturation surface upon the reversal of the direction of saturation. Brackley (1971 ) used two independent stress variables (i.e. ( U -u,) and (u, -u,,)) in his study of partial collapse of unsaturated expansive clays. Difficulties were encountered in attempts to apply Bishop's effective stress equation. Subsequently, the description of volume change behavior was proposed as a function of the independent stress variables.
In this paper, the constitutive relations for an unsaturated soil are examined in the following manner:
(i) The form and number of constitutive relationships for an unsaturated soil are proposed from a semi-empirical standpoint.
(ii) The constitutive surface is experimentally tested for uniqueness near a point. In other words, is the constitutive surface unique for small stress changes in various directions from a stress point? Limitations to uniqueness are established.
Proposed Constitutive Relations (a) Soil Structure Insight into the constitutive relations for the soil structure may be obtained by inspecting incremental relations for a linear, elastic, isotropic material. Selecting (U -u,,.) and (u;, -u ,~) as the stress state variables, the normal strain in the x direction, is, where El = an elastic modulus with respect to a change in ( a -u,,), p1 = Poisson's ratio with respect to relative strains in the x and y (or 2) directions, and H I = an elastic modulus with respect to a change in (us, -u,,) .
Similar equations can be written for the y and directions. The equations are essentially the same as those proposed by Biot (1941 ) and Coleman (1962) . The volumetric strain of the soil structure, E , is equal to the sum of the normal strain components [4] .
where C, = compressibility of the soil structure with respect to a change in (U -u,,) . For isotropic loading, u is the all round stress and;
For KO loading, a is the major principal stress and; C, = compressibility of the soil structure with respect to a change in (u,, -u,,.) . For isotropic loading: C, = 3/H1
For KO loading;
The above incremental equation [6] can bz written in a more general form to account for non-linear properties. = compressibility of the soil U a(u, -u,) s t r~~c t u r e when d(u -u,) is zero
All the above equations can be written using other combinations of stress state variables (Fig. l a ) . Using ( ( 7 -u,,) and (u;, -u,), the general equation for the soil structure takes the form,
The stress state variables (CT -u;,) and ( Vu,,-) can also be used to form a similar equation. Any one of the above three forms can b: used; however, only one of the equations is independent. It must be emphasized that the soil structure (or void ratio) constitutive relationship is not sufficient to completely describe the change in state of an unsaturated soil. Either the air or water phase constitutive relations must also be formulated. Due to the compressible nature of the air phase, it is recommended that the water phase (or water content) constitutive relationship be formulated. The water content vs. soil suction equation generally used in the soil physics area (Childs 1969 ) becomes a special case of the total description of state.
(
b ) Water Phase
The water phase constitutive relation describes the volume of water present in the referential soil structure element. The water is assumed to be incompressible and the equation accounts for the net inflow or outflow of water from the element. The water phase constitutive relation can be formulated semi-empirically on the basis of a linear combination of the state variables.
(a, + ay + az -3 . 11, ) + (u;, -tl,") ~9 1 6, = 3 H l R 1 where 8, = net inflow or outflow of water, R1 = a water volumetric modulus associated with a change in (u;, -LL,,), and H I = a water volumetric modulus associated with a change in (a -u,).
Equation [9] can be written in a more general form to account for nonlinear soil properties.
where v, = volume of water in the element slope of the water 1
plot when d (u, -u,) is zero slope of the water 1 au,
Equation [lo] applies for isotropic and KO loading; however, the slopes contain different combinations of the water volumetric moduli. Other combinations of stress state variables can also be used to derive the volumetric representation of the change in the amount of water in the element (Fig. l b ) . The specialization of [lo] used in soil physics relates water content to changes in matrix suction (u, -u,,.) .
(c) Air Phase The change in volume of air present in an element can be written as the difference bztween the soil structure volume change and the change in the volume of water present in the element.
Sign Convention for Deformation Soil
Properties A positive or negative sign must be associated with each deformation (or compressibility) modulus since the direction of deformation is not necessarily known. That is, an increase in a stress state variable docs not always produce a volume change in the same direction. For example, a decrease in suction (u:, -u,) in a stable structured soil will result in swelling, whereas, it may cause a volume decrease in a meta-stable soil (Barden et al. 1969) . Even for a particular soil, the direction of deformation is not fixed with respect to a single stress state variable. Rather, it can depend upon the component of the stress state variable that is changed. Consider, for example, the (u;, -u,,) stress variable and the deformation of the soil structure. The suction can be increased by either increasing the air pressure or decreasing the water pressure. If the air pressure is increased in an unsaturated soil, the soil structure often expands. If the water pressure is decreased, the soil structure generally compresses. Therefore, when establishing the direction of deformation, it is necessary to either establish the stress component being changed (i.e. u, or u,,.) or else simultaneously consider the stress state variables affected (e.g. ( a -u,,) and (u -u,,)).
The suggested sign convention is as follows: if an increase in the stress state variable produces a phase volume decrease, the deformation modulus is POSITIVE. If the stress variable increase produces a volume increase, the compressibility modulus is NEGATIVE. The same sign convention is applicable to the soil structure, air and water phases.
Procedure to Experimentally Verify the
Uniqueness of the Constitutive Surface Two constitutive surfaces are required for the complete description of volume changes sustained by an unsaturated soil. Their uniqueness can be explored; first, in terms of small deviations from a stress point and second, in terms of larger stress state variable changes and reversals of stress. This paper examines only the uniqueness of the constitutive relations near a stress point. The term 'uniqueness' is used to indicate that there is one and only one relationship between state variables. However, if complete 'uniqueness' does not exist, the term 'uniqueness' can be used in a more restrictive sense. For large stress changes, the drying and wetting of soils introduces hysteresis into the constitutive surfaces. In the restricted sense, the term 'uniqueness' can be applied to either the drying surface or the wetting surface. The water phase constitutive surface can be tested for 'uniqueness' in a similar manner.
Let us suppose that it is possible to prepare several 'identical' unsaturated soil samples that are subjected to the same total pressure and the same air and water pressures. Therefore, all samples are at the same stress point in space and have the same initial volume-weight properties. Then let each sample be subjected to varying stress changes, while monitoring the volume changes associated with each phase (Fig. 2 ) . If the constitutive surface is essentially planar near a stress point, the deformation moduli associated with any orthogonal directions can be used to describe the deforma- tions produced by other changes in the stress variables.
The above tests are somewhat fictitious since they would be difficult and extremely time consuming to conduct. Therefore, a simpler and more rapid procedure was adopted. One sample was subjected to small stress increments along three stress paths. Using the deformations from any two of the increments, it is possible to compute two corresponding compressibility moduli. Now the deformation equation can be used to compute the anticipated deformation along any other stress path. The computed deformation is compared with the measured deformation. The constitutive surface at a point is unique if the measured and predicted deformations are essentially equal in all cases.
Three suitable stress paths are traced by changing the total, air and water pressures and allowing equalization after each pressure change (Fig. 3) . The uniqueness tests can be applied to any of the proposed constitutive equations (i.e. soil structure, air and water phases). As an example, let us consider the soil structure deformations for the above case. One form of the constitutive equation for the soil structure is, Suppose the first pressure increment is a decrease in the total stress. Therefore, Let the second pressure change be an in-
FIG. 3.
Stress path adhered to for the uniqueness tests at a point, r crease in the air presure. Therefore, Now that the two compressibility moduli are known (i.e. C , and C , ) , the volume change corresponding to a change in the pore water pressure can be computed. This value can be compared with the measured volume change. Agreement indicates uniqueness of the constitutive surface at a point. Some discrepancy is anticipated since all stress changes do not initiate from the same stress point.
The procedure used in most of the tests was as follows. The sample was allowed to come to equilibrium under an arbitrary set of stress conditions. An attempt was made to have a large initial suction. The water pressure was generally increased for the first pressure increment. After equalization, the air pressure was decreased. After equalization, the total pressure was decreased. The above procedure was repeated through several cycles as long as the suction remained positive. Throughout these steps, the water phase volume was continually increasing. The soil structure and air phase generally underwent a reversal in their direction of volume change. The soil structure and water phase constitutive surfaces are analyzed in detail since they were measured independently in the laboratory.
Description of Equipment
Four pieces of equipment were used in the examination of volume change behavior of unsaturated soils (Fredlund 1973~2) . Two employed modified Anteus oedometersl for onedimensional strain conditions. The specimens were 23 in. The air and water pressures were separated by means of a high air entry disc placed at the bottom of the sample. Distilled, de-aired water was used below the high air entry disc. Al- though the high air entry discs do not leak air at pressures less than their air entry value, dissolved air diffuses through the water in the disc and collects below the base of the disc. For accurate water volume change measurements, it was necessary to measure the volume of diffused air and apply the appropriate correction. The diffused volume was measured by periodically flushing the base plate and measuring the volume of air displacing water in an inverted burette (Fredlund 1975 ) .
The Anteus oedometer was selected for modification due to its versatile design. Figure  4 shows the layout of the modified Anteus oedometer and associated plumbing equipment. The chamber of the oedometer (normally filled with water for back pressuring the water phase of soils) was filled with air to regulate the air pressure in the soil sample. All pressures were controlled using pressure regulators with an accuracy better than e0.02 psi (0.14 kN/m2). The valves on Figure 4 associated with the total air, water, and diffused air pressure control are labelled with a T, A, W, and D, respectively.
The modified Wykeham Farrance triaxial cell is shown in Fig. 5 . Linear voltage displacement transducers (LVDT's) were used to measure the vertical and lateral displacements. The cell was pressurized with air. A composite membrane consisting of slotted aluminum foil, vacuum grease, and two latex membranes was used to prevent the diffusion of air from the cell into the sample.
Presentation of Test Data
Four series of experiments were run to test the constitutive surfaces for uniqueness. The first three samples (No. 15A, 16, and 17) were undisturbed Regina Clay, while sample No. 21 was compacted kaolin. Samples No. 15A and 17 were from a depth of 2 ft (0.6 m) and sample No. 16 was from a depth of 15 ft (4.6 m) below a grassy area in northwest Regina, Saskatchewan. The shallow samples exhibited a very nuggetty macro-fissured structure due to desiccation (Fredlund 1973a) . The properties of the soils tested are shown in Table 1 . Table 2 summarizes the initial volumeweight properties and stress conditions at the start of each pressure change.
The volume changes observed as a result of the stress component changes are summarized in Table 3 . The volume changes at two elapsed times are considered for each sample since it is difficult to determine the point of complete equalization.
The object of the uniqueness analysis is to compute two compressibility values and use them to predict volume change in a third direction. The predicted volume change can be compared with a laboratory measured value. 
Comparison of Predicted and Measured Volume Changes
The predicted and measured volume changes can be visually assessed by plotting the predicted volume changes vs. the measured volume changes. In addition, a statistical correlation between the predicted and measured volume changes helps quantify the agreement. The degree of correlation can be expressed in terms of the correlation coefficient, the slope, and intercept of the best-fit straight line (Neville and Kennedy 1966) . Uniqueness would imply a slope of 1.00 and an intercept of 0.00. The correlation coefficient is a measure of the dispersion about the best-fit line. The significance of the correlation coefficient can be evaluated by comparing the computed value with the value that can be expected at a given level of significance. A high correlation coefficient implies causation and the existence of a reliable mathematical model for the constitutive surface. Figure 6 shows the agreement between the measured volume changes and the predicted volume changes for sample No. 15A. Sample No. 15A was tested under KO loading conditions. For elapsed times of 1000 and 5000 min, all points fall essentially along the 45" line, indicating virtually perfect correlation.
Soil Structure
Sample No. 16 (Fig. 7 ) , tested under isotropic loading conditions, shows considerably more dispersion in the data. The correlation on the results at an elapsed time of 15 000 min are superior to those at 2000 min. For some stress changes, it is possible to compare the predicted volume change with both a previous and subsequent measured volume change. In these cases, the graph shows a bar between the Sarnple No. 15A C-1 1000 C-1 5000 C-2 1000 C-2 5000" C-3 1000 C-3 5000 C-4 1000 C-4 5000 C-5 1000 C-5 5000 C-6 1000 C-6 5000 weighted average intercept on the above samples was -0.001 and the slope was 0.82. The average results show the intercept tending towards zero and the slope tending towards one.
The correlation between the predicted and measured volume changes was also checked, assuming a non-linear constitutive surface (Table 5 ) . The assumption made was that volume change varied as the logarithm of the stress state variables. The effect of a non-linear constitutive surface can be partly compensated for by correcting all slopes to the same stress point in space. Each compressibility is assumed to correspond to the mean of the initial and final stress points. All compressibilities are then corrected to the mean stress point. Sample No. 15A showed a virtually 'perfect' correlation using the linear analysis and remains essentially the same for non-linear analysis. The non-linear analysis of sample No. (i.e. Regina Clay) . The effects of hysteresis should be small in the loading and unloading range considered. On the other hand, the kaolin sample compacted to one-half standard compaction, should have pronounced hysteresis.
The change in air pressure generally resulted in a reversed direction of soil structure deformation. In the case of the compacted kaolin (sample No. 2 1 ) , there were considerably different amounts of volume change depending upon whether the volume was increasing or decreasing. It would appear that hysteresis associated with the change in the air pressure may be the key factor contributing to dispersion in the case of sample No. 21. The effect of hysteresis due to an air pressure change was investigated by assuming that the predicted volume change due to an air pressure change was equal to the measured volume change. The deformation due to a change in total and water pressures remain the same. Obviously, this will produce an improvement in the correlation coefficient. However, conclusions must be based on the magnitude of the improvement of the correlation coefficient. Table 6 summarizes the statistical properties obtained when the above procedure is used to compensate for hysteresis.
The correlation coefficient for sample No. 16 increased slightly to 0.87. By omitting the data from the check using tests C-10 and C-11, the correlation coefficient improved to 0.93. Although there is some improvement in the correlation coefficient, it is not dramatic and may indicate that the Regina clay behavior approaches that of an elastic reversible material.
The statistical properties of sample No. 21 show a dramatic improvement as a result of compensating for hysteresis. Considering all the data, the correlation coefficient improved from 0.41 to 0.83 (non-linear analysis). The slope of the best-fit line increased from 0.34 to 0.83 and the intercept changed from -0.09 to $0.03. Omitting the results from the first three and the last four pressure increments, the statistics are further improved (Fig. 9 ) . The correlation coefficient rose to 0.94, the slope to 0.96, while the intercept went to -0.06. The analysis isoIates soil structure hysteresis as the prime cause of dispersion between predicted and measured deformations.
Water Phase
The laboratory testing technique associated with the water phase constitutive surface is considerably more difficult than for the soil structure constitutive surface. This factor influences the uniqueness analysis in addition to the effects of non-linearity and hysteresis. The statistical properties on the water phase volume changes deviate more from those of 'perfect' conditions than do the soil structure volume changes (Table 7 ) . Figure 10 shows the comparison of predicted and measured water volume changes for sample No. 15A. This test was performed in a one-dimensional oedometer and it was later discovered that some moisture was lost from the sample by movement through the lucite walls of the chamber. The loss of even a small amount of moisture has a very pronounced affect on the uniqueness analysis. The excellent correlation from the uniqueness analysis on the soil structure (sample No. 15A) showed that hysteresis cannot be considered as the factor causing the low correlation for the water phase. It is quite definite that sample No. 15A experienced some loss of moisture during the test and this factor was investigated. An attempt was made to correct for the loss of moisture by observing the steady state rate of moisture loss at large elapsed times. When these corrections were applied, the correlation coefficient increased to 0.82 which is well above the critical correlation coefficient. However, the slope of the b~st-fit line is relatively low (0.55) and the intercept is quite far from zero (0.12).
Sample No. 16 also showed relatively poor correlation between the predicted and measured volume changes. When the results were corrected for the effects of soil structure hysteresis, the correlation coefficient increased from 0.15 to 0.89. This is well above the critical correlation coefficient of 0.71 for a 1 % level of significance. The slope increased from 0.43 to 0.80. The marked improvement in statistical properties indicates that hysteresis in the soil structure produced dispersion in the water phase constitutive surface.
The results from sample No. 17 showed a close agreement between the predicted and measured water volume changes. However, the total number of checks was only six. Sample No. 2 1 (Fig. 1 1 ) showed relatively good agreement between the predicted and measured results. When the results are corrected for hysteresis (and the first three and the last four checks are omitted), the correlation coefficient increased to 0.82 which is well above the critical correlation coefficient of 0.46 for a 1 % level of significance. The slope of the best-fit line increased to 0.54. The intercept was -0.63 which is higher than desirable but appears related to two 'checks' showing a large discrepancy.
Conclusions
1. Two consecutive relations are required to describe the volume change behavior of an unsaturated soil. The first proposed equation is for the soil structure.
The second proposed equation is for the change in volume of water in the element.
The proposed constitutive equations were tested for uniqueness by determining the modulus of deformation in two directions and comparing the predicted and measured volume changes in a third direction.
2. Tests were performed on samples of overconsolidated, undisturbed Regina Clay and compacted kaolin. These soils are typical of the range of properties commonly encountered.
(a) For the soil structure constitutive relationship, the volume changes predicted agreed well with the measured values for Regina Clay. Corrections for non-linearity of the constitutive surface and hysteresis upon loading and unloading showed further improvement in the correlation. The compacted kaolin showed relatively poor correlation between the predicted and measured volume changes. However, the correlation showed a dramatic improvement when corrections were applied for hysteresis.
Since hysteresis is a significant factor contributing to non-uniqueness, it is concluded that the proposed constitutive equation for the soil structure be used for monotonic deformations. Therefore, the compressibility moduli would be different for decreasing volume changes than for volume increases.
( b ) The agreement between the predicted and measured water phase volume changes were not as close as those for the soil structure. The main cause of dispersion is associated with the difficulty in measuring minute water volume changes over long periods of time. This factor mas in addition to the effects of non-linearity and hysteresis. Attempted corrections for the above factors showed a marked improvement in the correlation of predicted and measured water volume changes. It is concluded that the proposed water phase constitutive equation be used as well for monotonic water phase volume changes.
3. For complete monitoring of unsaturated soil behavior, laboratory testing should be done under conditions where the total, air and water pressures are controlled. The overall volume change should be measured.
4. The laboratory tests on unsaturated soils indicate that the proposed constitutive equations can be used for engineering practice.
